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FOR AZiTOMATIC INTEXCmTORS 

By Windsor L. Sherman 

A theoretical   analysis of &n airplane  automatic  control  system 
incorporating e compensating  network is  presented. Tbe corqensating 
netxork i s  a cmputing network Yn&t has  character'rstics  that are the 
inverse of the airframe; consequently,  airplane dynamics ere eliminated 
from the system  response. The transfer  function of this type of' control 
is developed, and the   resu l t  is aspl ied   to  the analysis of roll control 
systems. The bas i c   ro l l   cmkro l  system i s  a displacement  or bar-k-angle 
control system. This basic system -as modified by feeding back ro l l ing  
velocity and acceleration  to  the  input of the'com3ensating  network to 

linear  analysis,  an  er-alog-coapter  study wes made t o  determine  the 
effects  of limitir?g the  control-surface rate and dis_nlecenent an& of 
incomplete  compensation on t h e   c a m n d  resgonse of the roll control 
systems. 

u 

- obtain  velocity and acceleration  control  systems. In edditiolz t o  the 

The results are  presented  in  the form of tine h is tor ies  of the 
leteral airplane  vsrizbles al-Ld control-surface  notions. 

For the forwerd-loop c w e n s a t i n g  network, tine effects  produced by 
limiting and incoq le t e  compensation on the  response  chmacteristics of 
bhe system indicete that the system  cannot a% present be considered as 
E. sat isfactory  automtic   control  system for  interceptor  airplanes.  
L 

INTRODUCTION 

The ,ienned all-Tzeather interceptor  has  asswed  an  inportant  role 
as an air defecse weagon. Since it is anticiFated  that   the  interceptor 
m y  be  aEtomatically  controlled i n  %he  et'tack phese of the irdercept 
nissiorr,  en  effective  automatic  control  systen is  e necessary component 

F 

. - 
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of the a u t a t i c  interceptor  systen. The interceptor airframe, as 
presently conceived, i s  a monoving design that r o l l s  to turn toward the 
ir-terception  point.  Therefore, an aiztomatic ro l l   cont ro l  system is a 
necessary part of the guidance  system for  these interceptors. As part  
of a general  hvestfgation of t5e attack phase of the automatic  inter- 
ceptor, a rol l   control  system incorporating a  compensating  network hzs 
been studied. 

Reference 1 proposes the use of a conpensating network, as part of 
an  automatic  pilot,  to compensate a l l  or par t  of the lateral and longi- 
tudinal mdes of -the airframe. Compenseting networks that wholly  or 
partially  cancel the longitudinal modes of the airframe, vhen controlled 
by a hwmn pi lot ,  have  been discussed  in  references 2 and 3. 

The compensating  network, as used i n  the ro l l   con t ro l  system a+ the 
present  investigation, is a control-deflection computer designed t o  
eliminate  the lateral modes of motion from the response of the system 
t o  a command input. If the ro l l   cont ro l  system operates  in a l inear  
rimer and i f  the compensating neixork is correctly  designed,  cancellation 
of the airfraae dynamics i s  always  obtained. However, i n  this investiga- 
tion  physical limits were imposed OE control-surface rate and displace- 
ment; thus the system  becam  nonlinear. Also, small inaccxracies  in  the 
mass and aerodynamic data required t o  design the cmwnsating network 
and changes i n  the airplane flight condltion were used t o  introduce 
incomplete capensat ion  into the system  operation. The effect  of these 
nonlinearities and inacc'macies on the behavior of the system i n  response 
t o  cornmand ioputs  for a forward-loop compensating  network is  discussed  in - 
this paper. 

v 

The results are presented as time histor ies  of the lateral motions 
of the  interceptor and  control-surface  motions,  vhich  vere  obtained on 
the Reeves Electronic Analog Comguter ( W C )  a t  Project Cyclone and a t  
the Langley Aeronautical  Iaboratory. Sone of these resu l t s  have  been 
previmsly s-jnmarized i n  reference 4. 

t 

D 

time, sec 

differential  operator, - 2 
d-t 

arbitrary  constant  in ex-por?ential input fic( 1 - emat) 

compensating-network transfer  function,  forward loop 
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K2 

b 

S 

m 

compensating-neturork  transfer  function,  feedback  loop 

first-order-servo  transfer function 

integrating-servo  transfer  function, Sl(D) = =I S(D) 1 
D 

primary airplane transfer  function 

numerator  of G(D) 

denomiEator of G(D) 

secondery  airplane  transfer  function 

exponent of integrator  in  campensating  net-gork 

degrees of freedm of airplene 

externally  epplied  disturbame  function 

output  of f eedback-loop  compensating  neb-ork 

servo  time  cons-blant, see 

compensating-network  gain  constant 

arbitrary  polynomial  defining airphne response, used in 
feedback-loop  compensating  network 

velocity-command  gain  constant, sec'l 

ecce1eratim-camand  gain  constant,  sec-1 

wing  span,  ft 

wing  area, sq ft 

relative  density factor, 
Pm 

mass of airplane,  W/g, slugs 

weight,  lb 

ecceleration due to  gravity,  ft/sec2 

nondimensronal  redius of gyration  in roll &bout longitu- 
dinel  stability axis, /K&2cos2q + Kzo2sin2q - 
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Cn 

. 
condimensional  radius of gyratioc  in YEW about  vertical 
stsbility  axis, + KG2sin2q 

nondimensional  product  of  inertia, (KG* - ~z~2)sin 7 cos 

nondimensional  radius of gyration  &out  principal X bcdy 
axis  of  airplane 

nondimensional  radius  of  gyration  abo-at  principal Z body 
axis of airplane 

roll angle  of airplane 

sideslip  angle of airplane 

y m  angle or" airplane 

angle of attack 

inclination of principal  longitudinal  axis with respect 
to  flight aath 

flight-path  inclination  from  horizontal, 6 - a 
alleron deflection  angle 

rolling angar velocity,  radians/sec 

yeXing angJlar veloctty,  raciians/sec 

altitxde,  ft 

mass density of air,  slugs/cu ft 

true  airspeed,  ft/sec 

Mch nmiber 

rolling-nmnt coefficient, Iiolling  monzent 

yawing-moment  coefficient, Yaving  monent 
qSb 



NACA PX ~ 5 5 ~ 2 0  5 

Subscripts: 

i input 

0 output 

2 limiting value of a variable 

A dot over a symbol indicates differentiation with respect to ti=; 
r 

for exannle, fi = @ 
- A l l  angles are neasured in radians unless otheriise noted. 
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BASIC CONSIDZRATIONS 
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The &utotic control  system  studied  in  this  investigation  incor- 
porates a compensating  network, a device  that  eliminates  airplane dynmics 
frorn  t'ne  system  response.  The  compensating  netjrork  is  essentially a 
computer  that  solves a set of equations  that  are  the  inverse  of  the 
equations  of  motion  of  the  airplane.  The  input  to  the  netirork is either 
an mgular displacement,  velocity,  or  acceleration  and  the  output  is  the 
control-surface  deflection  required  to  give  the  input  valie of the 
variable. 

Figure 1 presents  the  block  diagram  of  an  automatic  control  system 
incorporating e. forward-loop  compensating  nekdork.  The  dynamic  response 
of  this  system  is  studTed  by a linear  analysis  and  by  sirnxlation  on  an 
analog  conputer  where  nonlinearities  and  imperfect  compensation  were 
introduced  into  the  problem.  Inasmuch  as  the  regulatory  response  charac- 
teristics,  the  return  of  the  airplane  to a specified  steady-state  condi- 
tion  when  disturbed  from  that  condition  by an externally  applied  moment, 
my be  of sme interest,  this  type  of  control-system  operation  was  studied 
in  addition  to  the  command-response  dynarnics.  Appendix A presents  the 
theoretical  analysis  of  the  forward-loop  compensating-network  type  of 
control  systen  and  the  transfer  function is developed. In addition,  the 
feedback-loop  compensating  network  is  subjected  to a brief  analytical 
study  in  appendix A. "his  type  of  compensating-network  cantrol  system 
appears  to  eliminate some of the  disadvantages  of  the forwzrd-loop 
compensating  network  but  Eechanization  difficulties  may  bar  it  as a 
practical  system. 

Application  of  the  Compensating  Retwork  to Roll Control  Systems 

In  order t o  evaluate a specific  application  of  the  compensating 
network  for  the  automatic  control  of  airplanes,  the  principles  set  forth 
in  appendix A were  applied  to thee autonatic roll control  systems. 
These  roll  control  systems  differ  in  the  number  and  types  of  feedback 
used m d  in  this  report  the roll control  systems  are  identified  by  the 
highest  order  feedback  used. Thus the  basic  control  system  (fig. 2(a)) 
is a displacement  control or bank-sngle-feedback  system  The  second 
systeK (fig. 2(b)), herein  called  the  velocity  control  system,  is 
derived  fron  the  first  by  the  addition of a rolling-velocity  feedback 
and a gair? K1. The  third  system  (fig. 2( c) ) , called  the  acceleration 
control  system, was obtained  by  adding a rolling-acceleration  feedback 
and a gain K2 to  the  velocity  control  system. 

fi a compensating  network  control-system  feedbacks  are  not  required, 
as  in  other  types of control  systems,  to  edd  damping  and  thereby  improve 
the system response,  since  the  cancellation of the  airplane  dynamics 



NACA RM ~ 5 5 ~ 2 0  7 

I 

eliminates  the problems of poor airplane stability and damping. Tfius, 
feedbacks are always made t o  the input  side of the compensating  network, 
since  feedbecks to t i e  servo for additional damping are  unnecessaq and 
i f  &e  would destroy  the  cancellation of the  airplane dynamics. The 
feedbecks shown in   f i gu re  2 me used t o  deternine  the  airplane  variable - 
bank angle,  rolling  velocity,  or  roll2ng  acceleration - th&t is used i n  
the compenssting  network t o  compute the  desired  control-surface  deflec- 
t ion.  This  value of 6 i s  determined so that a i q l m e  dynamics ere 
e l i n h a t e d  from the system  response as ehe airplane assumes the value 
of the  variable  that i s  fed to   the comgensating  network. 

* 

Since  these ro l l   cont ro l   sys tem are considered  as a par t  of a 
complete interceptor system, it is  desircble  to  correlate  the  simulation 
used for   the   ro l l   cont ro l   sys tem w i t h  the  automatic  interceptor system. 
In  an actual  interceptor system the  outputs of the  eirborne  radar and 
d i r e c t o r   c q u t e r  determine an a z h u t h  error and an  elevation error .  
These errors ere used i n  %he cowand  conputer t o  define a r o l l  command 
and a normal-acceleration command.  The r o l l  command depends upon the 
perticular  type of guidance system used  and may be either a desired benk 
engle  in  space  coordinates or a bank-angle error in  interceptor  coordi- 
nates. If an interceptor system is descgned t o  cornnand a bank angle i n  
space  coordinates,  the  bank-angle  feedback is a necessary  part of the 
ro l l   cont ro l  system.  Therefore, in  order to simulate this system, the 
radar and  computers  need only  be  replaced by a  bank-angle  input to 
obtein  a  simple  analog of the more complex system. Rugever, i f   t h e  
radar-computer  system operates  in  interceptor  coordinates,  the system is 

command t o  the r o l l  control system is a rolling-velocity commnd thet 
is  proportional t o  the azimuth  and elevation  errors.  Therefore,  replacing 
the  redar and computer by a bank-angle input, a bank-engle feedback, and 
a  gain t o  convert the bank-angle e r ro r   t o  a rolling-velocity  camand 
constitutes t i e  first approximation to the analog of the more c q l e x  
system. Thus, the ro l l   con t ro l  systems shown i n  Figure 2 are  epglicable 
-Lo ei ther  one of the two guidance  systems  nentioned above. 

- 
- closed by a feedback loop through the rad=. In this  case the basic 

Simulator  Setup 

Airplane  equations of motion.- A I L  airplane  transfer  functions, and 
consequently  the  transfer  function of the compensating  netgork,  used i n  
this investigation were derived frozr the  ?inear  equations of lateral 
motion w i t h  7 = 0, which a re   as  follows: 
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J 
The ger_eral form of the airplane  transfer  f-unction G(D) i s  

in equztion  (2) -t>e coefficients a1 t o  "3 end bl t o  135 are  func- 
t ions of tke mass and  aerodynamic chzracterist ics or" the airplane and 
cen be obLteined by eqanding the determinant of' the aFrplane  equations of 
motion, h-hich is  obtained from equations (1). 

Flight  condition A, presented i n  table I, is the  standard  flight 
condition  used i n  both the airframe and  conpensating-network  equatiom 
when perfect  cmpensatioll was desired.  incomplete comFensatioE was 
introduced,  aerodynanically, by substi tuting the singular or group varia- 
t ions (flight condrtion A-1 or A-2) into  the  airplane  eqmtions.  When 
it was desired t o  use two fl ight  conditions  in the problem, f l i g h t  
condition A remained i n  the conpensating network  and flight  condition B 
of taSle I was used i n  the airplar-e  equations of motior?. 

Compensating netxork.- "he generalized  transfer  function of the 
compemsting  ne-hork is  

7 .*:-ere -.- G(D) i s  the  transfer  function $/Ea of the  airplane  (eq. (2)), 
K i s  the  gain or amFlification  through  the net-gork, 1 / D  i s  an inte- 
grator, and the eqonent  n prescribes the order of integration. I n  
general,  the maximum v d u e  of n the t  can be used i s  one greater  than 
the  highest  order of tke  &erivative of the bank angle that i s  fed back 
t o  form the input -to the  conpensating network (see flg. 2 ) .  
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” 
The servo.- The servo  used  through  the  investigation is 8 first- 

order  time-lag  servo,  defined by equation (Al). The servo t i m e  constant T 
.r i s  one of the variables of the investigation. 

Limiting was applied t o  the servo to  sinulate  control-surface rate 
and  displacement res t r ic t ions  of g. shysical  system. Two types of l imiters 
were used, the winding  and  nonwinding types of limiters. Wherr 6, the 
con”krol-surface angular displacesent,  does  not  reach its limit, both 
types 02 limiters operate i n  an  identical  mnner, even  though 6 ,  the 
control-surface  angular rate, is limited. HoFever, when 6 reeches i t s  
limit, important  differences occur i n  the operation of these llmiters . 
In the winding-type limiter, when 6 2 the following  condition 

must  be satisfied before 6 can move off the stop.  In the nominding 
type of =?niter f o r  6 3 6 2  

6 dT = 62 

- 8 = 0  

which implies that fo r  d < 0, 6 moves of‘f the stop Imedlately. It 
should be noted that the above discussion applies to   pos i t ive  linrfts. 
Pa equivalent  representation  can be wr i t ten   for  the negative limits. 
These tk-o tmes of limiters were included i n  the stu&y because it was 
fe l t  .that winding limiters more closely  approximate tke oFerating  chrac- 
t e r i s t i c s  of the proportional  servo and i t s  stroking motor  vhen they are 
operating i n  & saturated  condition, whereas the nonwinding limiter repre- 
sents 8 perfect  proportional  servo and stroklng motor. 

Tne nomillding-me limiter es used i n  this problem was s e t  up 90 
t h a t  f, goes t o  zero vhen 6 i s  limited. This return  to   zero by 6 
was not  carried  through  to the recorders;  consequently, 8 always shows 
a value on the record  whether or not 6 fs limited.  Therefore, i n  order 
t o  deteroline when 6 i s  limited fron these records  for the nonwindicg 
lbxiter, the  behevior of S must be taken into account as w e l l  as the 
behevior of 8 .  
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The  investigation in 

SCOPE 
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.eluded both a linear  analysis  and a REAC study 
of  the  three  types  of  roll  control system. The  main  purpose  of t h e  
linear amlysis is to  show  the  effect  of  the  system  gains  and  servo time 
constant  on  the  roll  response of the  airplane  to a cammand  input.  The 
REAC study vas conducted  to  investigate  the  effect  of  incomplete  compen- 
sation  and  nonlinearities. 

Incomplete  caqensation  results  when  the  transfer  function  of  the 
cowensating  network is not  the  exact  inverse  of  the  airplane  transfer 
function.  In  the REAC simulation,  incomplete  compensation  was  introduced 
by  changing  the  airplane  flight  condition  frcan  the  flight  condition  for 
which  the  cmgensating  network  was  designed  and  also  by  varying  the 
stability  derivatives  singly  and  in  combination  in  the  airplane  transfer 
IZlllction  as  shown  in  flight  conditions A-1 and A-2 of  table I. The 
latter  simulates  the  problem  which  may  arise  in  practice,  where  the 
compensating-network  design  is  based  on  estimated  stability  derivatives, 
a d  the  resulting  network  transfer  function  is  not  the  exact  inverse  of 
the actml airplane trmsfer function.  The  nonlinearities  incorporated 
in  the  system  are  limits  imposed  on  the  maximum  values of control-surface 
rate  and  displacenent. 

IXSULTS AND DISCUSSION 

General 

The  transfer functiom used in the  linear  analysis  of  these  control 
system vere  derived  as  outlined  in  appendix A, assuming  perfect  conpen- 
satfon  ar,d  lir-ear  operating  conditions.  The  transfer  function  for  each 
of’ these  systems  is as follods: 

For  the  displacement  control  system 

For the  velocity  cortrol system 
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* 
For the  acceleration  control system 

Routh's  discrimillant was applied t o  the  cheracteristic  equation of 
each of these  systems.  Unskble  conditions were indicated as follows: 

For the  displacement  control system 

n > l  

For the  velocity  control system 

n > 2  I 

For the acceleration  control  system 

n > 3  

K <  KIT - 1 (n = 2) 

El addition, system stabi l i ty   requires  that a l l  gains be positive. 

The r i s e   t i ne   ( t he  ti= required  to  reach 90 percent of the  steady- 
state  value) and the resgonse tine (the time required  for  the motions t o  
reach and remin  within 5 percent of the steady-state  value) were used 
t o  anelyze  system  responses and t o  make conprisons of different  operating 
condi-lions. The l inear   andys is  was used t o  determine  the  effects of 
varying the gains and servo  time  const&nt 02 the conmand response of the 
system. The variations were checked on the REAC and it was fouad that, 
when no llmiting was present,  there was good agreement betbreen the  l inear 
and REAC resul ts .  Emtiever, vhen n, the exponellt of the conqensating 
netvorlc, is equal  to 1 and a step  input is used, in i t ia l   condi t ions   a r i se  
in   the  problem that destroy compensation. This situation, w i t h  REAC 
records, i s  discussed  in  the  section on the  displacement  control system, 
and an  analysis of this condition for  the same control  system i s  presented 
i n  appendix 5. When lfnitir?g of the control-surface  rate and displacement 
has added, the problem  becane nonlinear. The REAC wes used t o  investi-  

I gate this phase of the problem. Therefore,  only FEAC records showing the 
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effect  of  varying  the  linits  on  the  control-surface  rate  and  displacement 
are  presented  in  this  report. 

Eqaation (A6) partially  predicts  the  limiting  condition  introduced 
by  increasing  the  gains  because  it shows that  the  forward-loop  ga+n 
appears  as a multiplicative  factor  ir,  the  azplitudes of 6 and 6. 

In  general,  the  comments  relative  to  the  gains  apply  in  the  saqe 
way  when 7, the  servo  time  constant, is varied.  However, REAC results 
indicate  that  the  value of T thet  is  optimun  in  the  linear  analysis 
may  not  be  the  best  when  the  control-surface  rate  and  displacement  are 
limited.  For  the  displacement  control  system,  where  limiting is  present, 
the  oscillations  introduced  by T combine  with  the  oscillations  caused 
by  the  rate lidtine to  produce a systern  response  that  approeches  the 
linear  result.  This  effect  is  shown  in  figure 3. 

When  the r o l l  response  of  the  airplane  is  conpezlsated,  the p and 
$ motions  are  uncompensated.  This  occurs,  as  indicated  by  equation (A6), 
because  airplane characte+tics appear  as a factor  of  the  characteristic 
equation of the p and $ transfer  functions. 

Incomplete  compensation  was  introduced  by  changing  the  stability 
derivatives  individually or in  groups  or  by  changing  the  flight  condition 
as indicated  in  tzble I. The  resulting  system  response  was  in  general 
unsatisfactory.  However,  in  the  case  of  the n = 3 acceleration  control 
system, a satisfactory  system  response  was  obtained  for  the  mixed-flight- 
condition  type  of  incomplete  compensatlon.  More  detailed  results of this 
st.ddy  are  presented  in  the  sections on the  displacement  and  acceleration 
control  syste,m.  The  regulatory  respor-se  for  the  basic  control  system 
and  the  tiro  varistions  studied  were  uncoapensated, as indicated  by  equa- 
tion (A8) . Although  the  response  was  uncompensated,  it  shawed  stable 
cheracteristics. For the  magnitude of tine  disturbances  considered 
(Cz = Cn = 0.1) limiting  of  the  control-surface  rate  and  displacement 
was  troublesome  only  at  high  values  of  the  forward-loop  gain  or  servo 
tine  constant, or both.  Since  the  regulatory  response  was uncqensated, 
this  mode of control-system  operation  was  not  extensively  investigated 
and  no  results  are  presented. 

The  linear  analysis  and  the REAC investigation  of  the  effects of 
limiting  are  presented  in  the  following  sections for each of the control- 
system  variations  cmsidered. 'hn applicable,  results on incomplete 
compensation  are  also  presented. 

The  Drsplacement  Control  System 

Lineer  analysis. - Equation ( 6 )  subject to conditJon (9)  was  used  to 
deternine the effect  of  varying K and T on  the  response  of  the  linear 
system. A step  function, fli = 600, was  used  as  the  command  input. 



Figure 4 shows that, 8s K is  increased from 5 to 12, both  the  rise 
time  and  the  response  decrease. As T is  increased  from 0.01 to 
0.3 second  (fig. 5), an  oscillatory  node  is  introduced  into the system 
response. An examimtion of tkre characteristic  equation  of  the  system 

.I 

indicates  that  these  oscillations occur for T > and  thet  the  fre- E 
quency of the  oscillations  is  proportional to 1 d-. 

2T 

WAC study.- In order  to  evaluate  the  effects  of  limiting  and 
incomplete  compensation,  the  control  system was set  up  on  an REAC ty-pe 
of analog  computer. To check  the RZAC setup, a run wtzs made  under 
linear  conditions. A! step  input  of  fii = 600 was  applied  to  the  system 
End,  inasmuch  as  no  limiting  occurs,  the $ motion shown in  figure 6(a) 
should be  directly  comparable  with.  the  linear  curve  in  figure 6(b). A 
comparison  of  these two curves  shows  that  the  frequencies ar?d rise  times 
of %he Cdo motions  are  radically  different. An examin&.tion of the  equa- 
tions of motion of this  control  system  indicated  that  initial  conditions 
&rising  in  the  cozpnsatir-g  cetwork  from  the  use of the  step  input  were 
causing  incomplete  compensation.  The  anslysis  presented  in  eppendix B 
shms that,  in  order f o r  complete  compensation to take place,  $i(O) E 0. 
The  commend-inpt  netvork  was  changed so &( t) = fit( 1 - e-at)  and fiC 
was  set  equal  to 600. Figure 7 shows the  ti=  histories of the  recorded 
verisbles fo r  the  exponential  input. A comparison of' the @ motion 
with  that sham in  figure 6(b) shows that  the  linear  aGd REAC results 
are  nox  in  approximate  agreement. 

As indiceted  by  equation (A6), the  motions $, p, 6, and 8 due 
to jhi, shorn in  figure 7, wlll be  uncompensated  and  contain  the  oscil- 
latory  characteristics  determined frm (& + D + K) (el@ + a2D + a3) 
which  is  the  characteristic  equation  of  the  system. Thus, in  eddition 
to  oscillatory  modes Tna% come  from  the  control  system,  oscillatory 
chzracteristics  determined by al$ + a 2 D  + a3,  the  numerator of G(ll) ,  
will  also  be  present  ir-  the $ and f3 motions. Ln terms  of  the mzss 
end  aerodynadc  characteristics of the  airplane, %he coefficients  al, 
a2,  and a3 are 
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For the  airplane and control  systen studied herein, the airplane induced 
oscil lations are predominant. The period of the airplane  oscil lation, 
for  the flight condition  considered, is 1.65 seconds, which is very  close 
t o  the period of the Dutch ro l l   osc i l la t ion .  

The ef fec t  of limiting 6 and 6: The ef fec t  of limiting 8 and 
6 was studied by using the nonwinding type of limiter. Canparing 
figure 7 where 6 . i s  unlinfted w i t h  figures 8(a) and 8(b) where 8 ,  
is  s e t  a t  100 deg/sec  and 50 deg/sec,  respectively, shows that the effect  
of limiting 6 i s  t o  introduce a law i n i t i a l  peak and an  osci l la t ion  in  
the 6 motion. Further reductions i n  6 1  cause more l imi t ing   to  occur, 
which in   t u rn  causes  the  severity of the limiting-induced  oscillation t o  
increase. 

When 6 is l i a i t e d  and 62 held  constant, the effects   are   the s m e  
as noted for   l imit ing of 6 .  As 62 is  reduced from 20' t o  loo (figs.  g(a) 
and g(b)),  the amplitude of the  oscillations  increases.  Setting 62 
eqml t o  5O (see  fig.  g(c))  causes the ent i re   pat tern of the oscil lations 
t o  change. The 6 motion now approxiptes  a square wave. The high- 
frequency osc i l l a t ion   i n  the jd and @ responses i s  the th i rd  harmonic 
of the  basic  frequency of the 6 square wave, the second term of the 
Fowier series f o r  a square waye, and disappears 8 s  soon as the 6 square 
wave decays. A reduction i n  62 t o  40 deg/sec  (fig. g(d)) produced no 
rn j o r  change i n  the motion observed in   f igure  9(  c) , where 6, = 5O and 
62 = 100 deg/sec. Thus, it appears that, for  small values of 62, the 
e f fec t  of reducing 6, i s  not   cr i t ical .  

Incomplete  conpensation: The aerodynamic stabil i ty  derivatives of 
the airp1ar.e were varied singly and as a group as sham i n  table I. only 
two of the derivatives, Cnp and C, , produced a noticeable  effect; on 
the system  response, the effect  of C being more pronounced than the 
effect  of CzP.  When Cnp was increased t o  0.32 (fig.  lO(a)), a very 
l igh t ly  damped hunting  oscillation was introduced in   the  6 and 3 
responses. The characterist ics of th i s   osc i l la t ion  and i ts  effect  on 
the response time are such that the system response is considered 
unsatisfactory. 

P 
np 

Decreasing CnB t o  0.25 or  increasing C t o  -0.08 had the same 
2 P  

effect  on the system  response.  Figure 10(b) shows an example of this 
e f fec t  on the system  response fo r  C z B  = -0.08. This o s c i l h t i o n  is  
less  persistent  than the one introduced by increasing Cnp (f ig-  N a )  1 - 
However, comparing the system  responses fo r  Czp = -0.08 with a similar 
case  for C z p  = -0.106 (fig.  g(a)) shows tha t  the osci l la t ions  in  the 
15 and 8 motions are more l igh t ly  demped fo r  the incanplete-compensation 

V 



- 
case  (fig. 10(b)). Decreasing Cz t o  -0.13 produces a negligible 

I ef fec t  on the  system  response. 

When the  f l ight  condition of the  airplane w a s  changed from flight 
condition A t o  flight condition B (tEble I), the  osci l ls t ion shown i n  
figure 10( c)  occurred. The motion is conpletely  unsatisfactory  with 
6 and 6 being United most of the time. 

The VelociQ Collimand System 

Linear  analysis of the  n = 1 system- A l inear  anelysis of the 
n = 1 system wzs nade by using  equation (7) subject  to  condition (10) 
t o  deternine the e3fects of varying the gair-s K acd Kl and the servo 
time constsnt T on the system  response. A step  input of &( t )  = 60° 
xas  used i n  thls analysis. 

The effect   o l   varying K and K l  i s  shun i n  figures =(a) and 
l l ( b )  fo r  T = 0.01 znd 0.3 second, respectively. The effect   of 
increasing K is to  decrease the rise md respome tines l o r  small 
values of K1 at  both   vshes  of T. This ef fec t  is much less merked 
a t  high vdues of K1. Tor conkinations of K, Kl, and T which 
result in   osc i l la tory  motions, tbt is, whet 4~~11- > (K + 112, 
increasing K adds demping t o  the system. d 

- The most pronounced effect of increasing K1 2s t o  reduce the rise 
and response times. As can be seen from figure 2(b) , the gain K1 
appears as a multiplicative  factor on the banbangle  error, and thus 
the rolling-velocity comrnand which controls the speed of response is  
direct ly   proport ional   to  Kl. 

Ln- order t o  inprove t'ie system  response, K1 should be increased 
to   cont ro l  the rise and response tiEes while K is increased t o  add 
damping t o  the system. Tae servo tiEe cm-stant T should. be kept as 
smll as possible. 

REAC study of the n = 1 system. - The n = 1 system was studied 
on the REAC by using the nonwinding type of l h i t e r  and the expollential 
input. 

With 62 set a t  20°, 6, w a s  decreesed from 100 deg/sec 
( f ig .  12(a)) t o  40 dedsec   ( f ig .   l2 (b) ) .  This reduction i n  8 2  causes 
the system t o  become  more oscil latory,  and the rise and  response  times 
are increased. A comgarison of' figures =(a) and c) shows the ef fec t  
of reducir-g 62 t o  5O while 6, remains at 100 sec. For this s 

condition the 6 motioD closely  approximates a square wave, and again 
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the  third harmonic of the basic  frequency of this wave appears i n  the 
6 and 3 motions. The rise t i m e  of the system is  increased vhile the 
response time i s  almost wcbnged. Reducing 62 from 20' t o  5O when 
6 l  i s  40 deg/sec  (figs.  U(b) and 12(d))  produces results similar t o  
those  previously  obtained. A coaparison of figures E ( c )  and Z ( d )  
indicates that a reduction  in 62 when i s  5 O  does not  appreciably 
a f fec t  the system  response. The square-wave phenomenon and the  insen- 
s i t i v i t y   t o  reductions i n  82 f o r  62 = 5O were also noted i n  the dis- 
placement control system. 

=near  analysis of the n = 2 system-  Equation (7) subgect t o  
condition (10) was used t o  make a l inear  analysis of the velocity  control 
system fo r  n = 2. A step  input of &( t) = 60° was used as the forcing 
function. As i n  the linear  analysis of the n =1 system, K, Kl, and 
T were varied t o  determine their   effect  on the system  response. Fig- 
ure l3(a) shows the effec t  of increasing T from 0.01 t o  0.3 second on 
the system  response. As T is  increased the systen  response  becanes 
oscillatory, a condition that would be  expected  since the condition  for 
neu-bral osci l la tory  s tabi l i ty  is - = 1 

7 
K1. Thus for  constant K1 the 

severity of the oscillation  increases  directly  with 7 .  

As K1 i s  increased frm 1.5 t o  16 (fig.   l3(b)),  the system 
response  becones  oscillatory. However, i n   s p i t e  of the  oscillatory 
=de,  both the rise tine and  response time show large  decreases. The 
oscil lations nay be  reduced or  eliminated by increasing K. W i t h  
K1 = 16 increasing K t o  64 gives a deadbeat  response for  the system 
ard further decreases  the rise and response times. The gains K and 
K1 perform the s a m  functions  for this system as they  did  for the 
n = 1 velocity  control system, K1 controlling the speed of response 
and K the damping. However, i n  the n = 2  system, i n  order t o  mini- 
mize the  oscillatory  c3aracteristics  in  the  response, when T is 
constant, K must be greater than K1. 

REAC investigation of the n = 2 system- The n = 2 velocity 
control system yas studied on the REAC w i t h  both types of limiters; a 
step  input of b%(t) = 60° was used as a forcing  function. 

Two types of limiting were used for   the n = 2 velocity  control 
system, the nonvindir-g and winding types of Umiters. These limiters 
have beer- discussed  in a previorzs section of this paper. 

When 6 is  made -anlimited by set t ing T = 0, the two types of 
limiters are equivalent. T1.lis condition is used t o  show the effect  of 
limiting 6. Figures  1&(a) and l4(b) show that, as 62 is decreased 
fron 20° t o  loo, the smooth response of figure 14 (a) i s  modified by an 
oscil latory mode.  A decrease i n  62 t o  5O (fig.   lk(c)),   causes  this 
osc i l la t ion   to  becom more severe. 

. 



The effect of reductions i n  $2  is shown l o r  6 2  = 20' i n   f i g -  
mes  I5(a) and l5(b) and fo r  62 = 5 O  i E  l5(c) and 15(d)  for  the non- 
winding type of liniter. For 62 = 20' a reduction  in 62 from 
100 deg/sec t o  40 deg/sec  causes  oscillations t o  develop i n  the 6 and 
fi motions. When e similar reduction is  made for 62 = 5O,  no appre- 
ciable change occurs i n  the motion. However, the sqmre-wave condition 
a t  lov values of 62 no&d f o r  the preceding  system  occurs i n  this 
case. The results fo r  the winding  type of limiter are shown i n  f ig-  
ures 16(a) and (b) f o r  62 = 20° and i n  Zigures 1 6 ( ~ )  and 16(d) f o r  
62 = loo. When 6 2  is  reduced from 100 deg/sec t o  4.0 deg/sec f o r  
62 = 20°, the  oscil lations  occurring  in the fi and $ motions become 
more severe. When 62 is loo, a reduction of 8 2  from 100 deg/sec t o  
60 deg/sec  causes the system t o  becom unst&ble. No stable cases  ?or 
62 = were found f o r  the winding-type lidter. Until  the system 
becm.e w-stable, the rise tines varied  very l i t t l e ,  but,  because or" the 
oscil letions,  the response time was gradually  increasing. 

The Acceleration  Control System 

Idnear  analysis of the n = 3 system- A l inear  analysis of 11 = 3 
acceleration  control system w a s  m a d e  by using  equation (8) subjec t   to  
condition (11). The systen  constants that were varied during this inves- 
t igat ion are K, Kl, K2, and T. 

Figure 17 shows the  er"fect of varying K 011 the 6 response. As 
K is increesed from 4 to 20, the oscil lations end overshoot a re  e l i m -  
inated. This increase i n  K i s  acto-npanied by an increase i n  rise time 
and a decrease i n  response ti-=. The oscil lations th.z.t occur f o r  K = 4 
would increase w i t h  decreasing K s ince  for  the velues of IC,, K2, and 
T used the system i s  approaching the condition  for  neutral   oscil letory 
s tab i l i ty ,  which occurs a t  K = 1.55. 

As Kl is  increased frm 0.75 t o  2.0 (fig.  18), both  the rise tine 
and response time decreese. A t  Kl = 2.0, an  overshoot  and slight oscil- 
l a t ion  occur i n  the resgonse.  Further  increases i n  IS1 would cause this 
oscil latior?  to  becme more severe. 

As K2 i s  increased from 3 t o  6 (f ig .  lg), the j6 response  gradmlly 
f k t t e n s  until at K2 = 6 a v is ib le  chsnge i n  slope occurs a t  t = 0.8 
second. This change i n  slope is probably  catted by a change i n  the dm-ping 
introduced by the change i n  Q end the limits placed on the veloci-ly 
and acceleration  commds  because of the way ir~ which they  are  determined. 
With K2 = 6, increasing IC1 t o  2 improves the systen?  response and 
decreases the rise and  respocse times. The increase  in  K1 kes decreased 
the system  denprng and Xberalized  the limlts on the velocity and acceler- 
a t ion commands. 
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As T is  increased from 0.1 t o  0.2 second (see  f ig .  20) , the 6 
response i s  practically  the same up t o  some point between T = 0.1 t o  
0.2 second. A t  this point an osci l la t ion starts t o  develop, which is  
quite  evident at T = 0.2 secor,d (see dashed curve ir, f ig .  20) . As 
T is further increased, this osci l la t ion w i l l  become  more severe  until, 
a t  T = 0.3 second, neutral   stabil i ty  occurs (see eq. (8) and conditions 
for  -astable operation) . 

A stilay of figures 17, 18, and 19 indicates  that  K controls  the 
damping, while K2 controls the rapidity of t h e   i n i t i a l  response and 
affects  the damping. The gain K1 exerts a= influence on the rise and 
response tiPes tha t  i s  inversely  proportional  to magnitude. Thus, 
ir-creases i n  K1 and K2 w i l l  improve the speed of resgonse and 
increasing K together  -dth the increase i n  K2 keeps the system 
response  nonoscillatory and shodd  give a better  overall  systen  response. 
Accordingly, K1 was increased to 3.25, K2 t o  10, and E( t o  20 while 
T vas keld constant. This response, shown in   f igure  21, i s  deadbeat 
with much szlaller r i s e  and response tines than  have  previously  been 
obtained  for the n = 3 acceleration  control system. 

REAC investigation of the n = 3 system.- A step  input of 
$2 (t) = 600 was -used as the  forcing  function ir, the REAC study of the 
n = 3 acceleration  control system. A winding-type limiter wm used 
fo r  chis system.  Since  the winding-tyEe limiter gives a more conserva- 
t ive   resu l t   fo r  a given  system  than  the nonwinding type of limiter, the 
trer_ds  for  the n = 3 system as studied  should  also  iEdicate %he trends 
t o  be expected i f  the nonwinding limiter had been used. The major 
difference between the e f fec t  of the two tries of limiters is that 
regions of mstable operation  indicated  for the system with the winding- 
type limiter might not  occur under similar conditions  for a system 
equipped w i t h  the nonvinding l imiter.  

The ef fec t  of liFdting 6 and 6 :  In  order t o  show the  effect  of 
redwing 81 on the system  response, the limit on the control-surface 
r a t e  vas recoved by setting T = 0. As 62 i s  reduced frm 20° t o  loo 
(figs.  22(a) and 22(b)) , no apparent change o c c ~ s   i n  the fi motion 
end  a very s l ight   osci l la t ion is noted i n  the 6 and j6 responses. 
When E 2  was reduced t o  5O, the system became unstable. 

With $1 se t  a t  100 deg/sec and 6 2  = 20' (fig.  23(a)), a non- 
oscil latory response that is  almost  equivalent t o  the 82 = a response 
(fig.  22(a)) w a s  obtained.  3educing $1  t o  40 deg/sec  (fig.  23(b)) 
iEtrodmes  an  extreriely smll osci l la t ion  into  the jb, 6, and 5 motions 
Availzble  results  indicate that, fo r  62 = loo and $ 2  = 100 deg/sec 
and 40 deg/sec,  the  system  ressonse  does  not change appreciably from 
that shohx in   f igure 23. -&en 62 w a s  reduced t o  5 O ,  unstable condi- 
tions  xere  encountered for  a l l  values of 6 2 .  
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- 
Incomplete  compensation:  When  the  stability  derivatives  were  varied 

individually  or  in a group,  as  indiceted  in  table I, the n = 3 acceler- 
ation  control  system respome was modified  in  the same way  as  the  response 
of  the  displacement  control  system. 

I 

Changing  the eirfrm flight  condition  from A to B (table I) 
prodilced unstable results  for low values of K, thus  follow3n.g  previous 
trends. Emever, when K was  increased  to 14 (fig. 24 (a) } , the  insta- 
bility  was  reduced  to a hunting  oscillation.  Increasing K to 24 
(fig.  24(b))  practically  eliminated  these  oscillations  in  the $d response, 
and  the  oscillation  in  the  other  recorded  variables  is damped. 

Renarks on other  control  systems  using  acceleration feedback- 
Acceleration  control  systems  described  by  equation (8) with n = 1 or 2, 
were  superficially  investigated  by a linear  ana3ysis.  The  general  .'trend 
of these  recuced-order  acceleration  control system was to  require a 
different  distributioE of the  foriard-loop  gain  between Kl, K2, and K 
than f o r  the n = 3 systen for the most satisfactory  response. In 
addition,  there  are  indications  that  higher  values  of  the  formrd-loop 
gain  can  be  used  before l imit ing oscillations  become  severe  enough to 
affect  the  system  response  adversely. 

An acceleration  control  system  with  the fi feedback eliminated and 
K2 = 1 was  iavestigated  by  linear  methods.  Routh's  criterion  indicated 
uns"bb1e  conditions  for n > 1. For n = 1 the  system was stable for 
very smdl values of K and  the  allowable  range  of  variation of K -vas 

values of K1 were  used.  These  large  values  of K1 commended  airplane 
accelerations  thst  are considered as too  high  to  be  practical.  Because 
of the high accelerations and the nmrov band of K for  stable  operation, 
this  system was not investiggted on the REAC. 

- small. D-e respollse of the  system m s  very slow unless extremely  lerge 

The  concept of the  cowensating  network, a computing  Cevice  that 
eliminates  the  dynamics of the  controlled  elenelzt from the  system  response, 
h&s been  applied  to automtic control  systems.  The  general  characteristics 
of this  type  of  control  system  have  been  determined  and  the  results  applied 
to  the  analysis  of  tbzee  related  autonatic r o l l  control  systems  for  air- 
planes. These roll  control system di2fer  in  the nuher and  type  of  feed- 
backs  that  are  used to supply  informatior!  to  the  cm-pensating  network  for 
m e  in  cofiputing  the  control  orders  that  produce  cmcellation  of  the  air- 
plane  dynamics. 



20 C V  NACA m ~ 5 5 ~ 2 0  

Within  the  limitations  imposed  by  control-surface  rate  and  dis- 
placement  limiting  and  by  imperfect  compensation,  the  compensating  net- 
work can give  adequate  cornmand  roll  control  that  is  free  of airplme 
dynanic  characteristics.  Lirniting  of  the  control-surface  rate  and  dis- 
placerrient  introduces  oscillatory  modes  into  t'ne s y s t e ~  response  that 
becoEe  more  severe as the lhiting time increases.  Because of the nay 
in which  the  lioiting  affects  the  system,  restrictions  were  placed  on 
the  gains,  the  order  of  integration  in  the  compensating  network, and the 
servo  time  constant.  The  roost  critical  effect  caused by imperfect com- 
pensation occws when a change in airplane  flight  condition,  not  accounted 
for  by  the  compensating  network,  introduces an unstable  response.  Inaccu- 
racies  in  the  airplane mss and  aerodynamic parmters used  to  design  the 
network  are  not  critical  except  in  the  case of Cnp and Czp (partial 
derivatives of yawing-mment and rolling-Eoment  coefficients  with  respect 
to sideslip  angle)  when hmting oscillations  are  introduced  into  the 
response. In addition to the  difficulties  introduced  by  limiting  and 
incoxpiete  coqensation,  the  control  of  the  yaw  and  sideslip  motions  are 
characteristically  uncompensated  in t'ae coxmand  node of operation. 

The  effects of limiting  and  inperfect  coqensation on the  regulatory 
response  are  the  same  as  for  the  command  response. 

Langley  Aeromutical  Laboratory, 
Natioml Advisory  Committee for Aeronautics, 

Langley  Field, Va., May 12, 1955. 
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DEVXLOF’MENT OF TRANSFEZ?. FITNCTIONS FOR COMPENSATING-NEIYOFK 

In this  cpTendix  the  transfer  functions of automatic  control sys- 
.tens using  compensating  networks  are  developed.  The  trensfer  functions 
are  derived  for  linear  operating  conditions  and  perfect  compensatioo. 
The forward- md feedback-loop  compemating  Getwork  are  discussed  in 
the  order  nentioned. 

The  Fornrd-Loop  Cowensating  Network 

The  block  diagram of an  airplane  eqpipped  with an automatic con- 
trol  system  is shown in figure 1 where F(D), S(D), and G(D) are 
the transfer  functions  of  the  compensating  network,  servo, and airplane, 
respectively. 

An exanination  of  the  response  characteristics of typical  high- 
gerformance  servos  indicated  that  over the rage of airplane  frequencies 
a first-order  time-lsg  servo was a good  first  e;oproximtion of a phys- 
ical  servo.  Accordingly, the servo  transfer  f’unction  was  taken  as 

. 

S(D) = 1 
1 + TD 

where T is  the  servo  time  constant.  The  closed-loop  transfer  function 
of the  system is 

It is  desired to deternine  the  transfer  function  of  the  compensating 
ne-ixork F(D) so that  the  airframe  ayllamics  are  canceled  and  that  as 
a command  system  the  closed-loop  response has zero  steady-state  error. 
Basic  servonechanisn theory requires  that, in a closed-loop  system, an 
integretio-n-  take phce to satisfy the zero-steady-state-error  condition 
(see  ref. 5 ) .  Therefore, a logicel  choice  for t h  cowenseting-network 
transfer  function  is 

F(D) = - K (A3 



Substituting  for F(D)  and S(D)  in  equation (A2) results  in  the 
closed-loop  transfer  function 

and 

lim - = 1 X0 
D j O  xi 

Thus,  the  requireEents  that  the  airplane  transfer  is  canceled  and  the 
steady-state  error is zero  are  both  satisfied.  It  should  be  noted  that 
in  conpensating-network  control  systems the integration  must  always  be 
introduced  explicitly  because  implicit  integration  in  the  airplane  trans- 
fer  function  is  eliminated  by  the  cancellation  process. 

In the  foregoing  enalysis  the  transfer  function F ( D )  was  deter- 
mined  to  give  complete  compensation for a particular  degree of freedom 
of the  airplane X. If there is another  degree of freedom q, which  is 
related  to X by  the  transfer  f'unction Gl(D), (see  fig. l), qo/Xi  is 
given  by 

If G1(D) is the  ratio of two polynomials,  the  output  motion qo 
will  contain  modes  determined by the  denominator  of G l ( D )  since  it 
appears 8s a factor  of  the  characteristic eqwtion of the  system, and 
thus  the  response is uncompensated. 

Behavior  of  the  compensating-network  control  system  as a rep;ula-&r.- 
In addition  to  providing  conpensated  control  in  response to comrnand  inputs, 
the  control  system  is somtimes called  upon  to  act as a regulator. If a 
disturbance M(D) is applied to the  airframe, as shown in figure I, and 
the  input  Xi E 0, the  closed-loop  transfer  function  is 



I f  G(D) is  the r a t i o  of tvo  polynomials ,in D m-d the denorninetor 
contains e constant,  the steady-state conditior? for   the regular response, 

lim - = 0, is satisfied. However, G(D) that appears in eqpa- X0 
D-+O 
t ion ( ~ 8 )  is E. t ransfer   m-ct ion of the  zirplane.  Since  the denorninetor 
03 G(D) is EL factor of the  characteristic  equztion of  the system, the 
response w i l l  contain  airplane  clhracteristics. Thus, the forward-loop 
coqensating network  does not  el ininate  airplane dynanics  fro=  the regu- 
l a to r  response. 

M 

When the  control  system is responding t o  external disturbances 
(that is, vh2n moments sre applied t o  the a i rp lme)  the notion q, is 
re la ted   to  the disturbazce b! by the followi_ng transfer f'unction: 

. 
- Thus, xotions  de-lernined in   par t  by the denominator of G(D) will 

appear in the qo(D)  ration. Thus, i n  most csses  the  response qo(D) 
will contain  z i rphne modes and therefore the response is uncompensated. 

me Feedback-Loop Coqensating Network 

Figure 25 is a block diag-run of a simple  displacement t m e  of  cor- 
t r o l  system incorporating a feedback-loop  compensating network. The 
transfer  fm-ction of this  control system fo r   t he  comuzmd  mode of  opera- 
bion, xi # 0, M = 0, is L 

and for  the  regulatory- node of operatior, X i  = 0, M # 0, the   t ransfer  
c function i s  
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where  Sl(D), G(D), and Fl(D) are  the  transfer  functions of the servo, 
airfrme, and  compensating  network,  respectively. 

For  the  feedback-loop  compensating-network  control  system,  the 
servo  transfer  function  assumed  for  this  study  is 

and if the  transfer  f'unction  of  the  compensating  network is assumed to be 

the following system  transfer  functions  result: 

for  the  command  responses and 

for  the  regulatory  responses. 

In these  transfer  functions  R(D) is an  arbitrary  polynomial  in 
D that  defines  the  airplane  response. If R(D) is t&en so that 
(1 + TD) appears as a f&ctor,  the  transfer  functions  for  the  regulatory 
response will become  simpler. - 

. 
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Perfect  corqensetion is  present i n  contrast   to  the lack of con- 
pensation  for some phases  of  operation found in   the  forward-loop com- 
pensating network obtained for e l l  these responses. For equations (Al4) 
and ( ~ 6 )  there are no airplane  chzrecterist ics i n  the c b s a c t e r i s t i c  
eguation  of  the systen?. I n  equations (Al5) and (Al7) the denominator 
of G1(D) ,  which is  N ( D ) ,  is canceled  by N(D) in   the  numerator. In 
eddition,  eqwtions (A14) t o  (Al7) neet +,Ice required  steady-state  condi- 
t ions f o r  the command and regulatory  responses. 

It would appear th', the feedback-loop coqensat ing network is  en 
idea l  compensating system. Hovever, there are two prac t ica l  dif'ficulti-es 
that arise with respect t o  this system. F i rs t ,  it appears that R(D) 
must be a seventh-order  polynomial in  order  to  prevent  derivatives f'rom 
appearing i n  t-ne system transfer function. Second, i n  the coqensat ing 
network the numerator has e higher orcier t b n   t h e  denominator, whi-ch 
introduces  derivztives  into the system and the  order of tbe  derivative 
is such that it might mzke it very difficult  t o  mechanize the compensating 
network. The use of e seventh-order  polynomial f o r  R(D) would aggrevete 
th i s  condition. 

Thus, before the feedback-loop  compensating network can be evalu- 
ated, more basic research i s  required  to determine whether the zbove- 
noted d i f f i cu l t i e s  ere inherent i n  the system. 
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CONTROL SYSTEM 

In  the -REAC study  of  the  displacement  control  system,  it  was  found 
that  when a step  input  was  used  the  response  of  the  control,  in  the 
absence of control-surface  rate  and  displacement  limiting,  was  incon- 
sistent  with the results  of  the  linear  analysis  for a similar  input. 
Since  servomechanisn  theory  prescribes  that,  in  order  for a transfer 
function,  as  used  in this paper, to exist,  all  initial  conditions  in 
the  system must be  zero  (see  ref. 3, p. 841, the  characteristics  of  the 
step  input  and the equations of motion of the  system  were  examined  to 
Oeterroine  if  the  assumption of zero  initial  conditions  through  the sys- 
tem  had  been  violated  on  the FZAC. 

The  step  ir,put  was  examined  (see  ref. 6) and  it  was  found tht for 
t = 0 the  step  input has an  average man vdue of 1/2. This  means  that 
for  the 600 step  used  the  value of $$i at t = 0 is 300. 

FIgure 26 is a block  diagram  of  the  displacement  control  system as 
it was set  up  on  the REAC. The  equations  of  motion  of  this  system  are 
as  follows: 

. 
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where kl t o  kl3 are functions of the  ei-lane mass and aer0-c 
parameters, E, ei, and Vo are d e f ~ e d  in figure 26, and X,, 6, 
e,nd 5 correspond t o  $, +, and p, r,espectively. !i'he t ransfer  m c -  
t i on  of the high-gain amplifier is g(D) and p is the gain of this 

- 

I amglifier . 
After assming the  transfer  function of the high-gain amplifier g(D 1 

t o  be  unity a,nd taking  account of the  ini t ia l   condi t ion on $t, the deter- 
mirant of the equ t ions  of  motion was expanded f o r  @,(D ). This  expan- 
sion gave 

c 



NACA RM ~ 5 5 ~ 2 0  28 

end 

(B9) 

I n  this equation  fl(D) is  the numerator  of the  transfer  function @/6a 
and fz(D) is the denominator  of that transfer  function. 

The f i rs t  term on the  right-hand side, after being  divided by @i, 
is easily  recognizable as the  transfer  function  for fl0/@i used in   the  
l inear  analysis.  The second term is a function  of the i n i t i a l  value 
of Xo. If Xo(0) 0, t h i s  term is  zero and  complete  compensation takes 
place. If X, (0) # 0, t h i s  term is not  zero  and complete  compensation 
does  not  occur. By evaluating  equations (B1) t o  (B5) a t  t = 0, it can 
be shown t h a t  

~ C S ,  i f  a Step  input is used, complete  compensation w i l l  not take p b c e .  - 
However, if fii ( t  ) = #c (1 - e-at ), then #i (0) E 0 and from equa- 
t ion  (B10) Xo(0) E 0; thus the second tern on the  right-hand side of 
equation (Bg) becomes zero  and complete  compensation takes place. 

This analysis was extended t o  cover the  velocity and acceleration 
control  systems.  For  these  systems it was found that when n = 1 the 
exponential  input had to be used to   ge t  complete  compensation. For 
n > 1 the step  input  could  be  used and  complete  compensation was 
obtained. 
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Figure 1.- Block diagram of generalized  automatic control system incor- 
porating a compensating  network. 
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(z) Displacement  control system. 

(b) Velocity control system 

(e) Acceleration control system. 

F’lgure 2.- Block diegrans of r o l l  control systems  incorporating a com- 
pensatory  network. 

. 
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Figure 3. - Ef‘f’ect of T on the response of the displacement control system. K = 5; 62 = 20°; w 
62 = 3.00 dcg/scc; flight condition A; exponential inpxl; a = k.  w 
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Figure 4. - response of the displacement control system for various 
values of K. T = 0.01 second; flight condit;i.on A. 
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Figure 8.- Effect of limiting of b on the response of the displacement control system. K = 5; 
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Figure 12.- Concluded. 
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condition A. 
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